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PHILIPPE ELBAZ- VINCENT AND HERBERT GANGL 

Abstract. We investigate a connection between the differential of polylogarithms (as con- 
sidered by Cathelineau) and a finite variant of them. This allows to answer a question raised 
by Kontsevich concerning the construction of functional equations for the finite analogs, us- 
ing in part the p-adic version of polylogarithms and recent work of Besser. Kontsevich's 
original unpublished note is supplied (with his kind permission) in an "Appendix" at the 
end of the paper. 
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Introduction and Motivation 

In an unpublished note |Q (included as an Appendix) Kontsevich defined the "l|-logarithm", 
associated to a prime p, as the truncated power series of — log(l — x) (for which we propose 
the "truncated" letter £, pronounced "sterling") as a function from Z/p to Z/p: 



£i{x) = £f\x) 



k=l 



The first author was partly supported by a Marie Curie fellowship of the EU. 

The second author is supported by a Habilitationsstipendium der Deutschen Forschungsgemeinschaft. 
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For reasons which become apparent below we refer to it as the finite l-logarithm. Kontsevich 
observed that it satisfies a functional equation which is known in the literature as the funda- 
mental equation of information theory (see |Q|), and provided a cohomological interpretation 
of the equation. 

Cathelineau ||8| was led to the same equation by considering an "infinitesimal" version of a 
one- valued cousin of the dilogarithm function which is defined over C. He had encountered 
the fundamental equation of information theory already in where, motivated by questions 
arising from Hilbert's third problem, he deduced an infinitesimal version of the famous Bloch- 
Suslin complex (which calculates certain algebraic iC-groups of a field). Furthermore, he 
provided a homological interpretation of the equation. Cathelineau extended his results to 
infinitesimal versions of higher polylogarithms, and in particular — by mimicking Goncharov's 
setup 1 19 1 which generalizes the Bloch-Suslin complex — deduced an infinitesimal analogue of 
Goncharov's complexes. In the process, he produced the generic functional equation for the 
infinitesimal trilogarithm which contains 22 terms in 3 variables. 

Kontsevich had asked explicitly in [22| for functional equations similar to the fundamental 
equation of information theory for the next case, i.e. for the case of the finite dilogarithm 
£2{x) = X]fc=i /k"^ ■ Guided by the analogy between finite l-logarithm and the infinitesimal 
dilogarithm, it was found that Cathelineau's equation for the infinitesimal trilogarithm is also 
satisfied by £2 and provides an answer to Kontsevich's question. Furthermore, £2 is charac- 
terized by the latter equation (actually, it is already characterized by certain specializations). 

In fact we get a stronger statement: each of the functional equations for the infinitesimal 
n-logarithm in this paper — and this includes the distribution formulas for any n — has been 
proved for the finite (n — 1) -logarithm (whose definition should be clear by the above). 

What is more, there is a whole machinery to obtain this type of functional equations: on 
the one hand, Cathelineau had given a tangential procedure for elements in Z[F] (for certain 
fields F) which is compatible with the passage from functional equations for the dilogarithm to 
equations for the infinitesimal dilogarithm. It turns out (see §^) that the same is true for higher 
polylogarithms, and we will show how we can get a functional equation for an infinitesimal 
n-logarithm by "taking the derivative" of a functional equation for the classical n-logarithm 
relatively to an absolute derivation over F. On the other hand, since p-adic polylogarithms in 
the sense of Coleman |10] satisfy the same functional equations as the classical ones by work of 
Wojtkowiak (for a more precise statement cf. one arrives via Cathelineau's tangential 
procedure (proved by him in characteristic 0) at its p-adic equivalent and one could hope that 
there is a version of p-adic polylogarithms whose appropriate differential reduces to the finite 
polylogarithms. This hope (vaguely anticipated in |14|) has been made precise by Kontsevich 
(private communication) and was subsequently proved (in a slightly modified form) by Besser 
IQ]. Combining the above, we obtain a recipe for deducing functional equations for £n-i from 
functional equations for the n-logarithm, and thus we get analogues of distribution relations 
for each n and further "non-trivial" ones at least up to n = 7 (cf. |^, ^^). The properties 
stated motivate the terminology of "poly(ana)logs" for the different analogues of polylogs. To 
help the reader to understand the interdependencies between the notions already discussed, 
we give the following picture, which can serve as a guideline for the paper: 
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The conceptual relationship between the different Poly(ana)logs 



Classical Polylogs 



Standard Dictionary 



p-adic Polylogs 



Differential 
process 



Reduction 
mod p 




Infinitesimal Polylogs 



Standard Dictionary 



p-adic 
differential 
process 



p-adic 
Infinitesimal Polylogs 



The present paper investigates the basic properties of the infinitesimal version of polylog- 
arithms, including the p-adic ones, and their relationship with the finite polylogarithms and 
also with the classical polylogarithms via the "derivation map" (sectio n ^) . In particular, the 
answer to Kontsevich's question can be found in section 4 (Theorem ^1.12D , together with a 
proof of the unicity of £2 (Theorem ^.231) . The sequel paper ||l5| exhibits interrelationships 
among the polylogarithmic groups and also among their infinitesimal versions, introduces finite 



versions of the so-called "multiple polylogarithms" (cf. e.g. |^) and in particular some multi- 
plicative structure related to them: it turns out that the proofs of the identities for the finite 
field case are far from trivial, and especially the most conceptual one found for Cathelineau's 
22-term equation involves an identity expressing £i{a)£i{b) in terms of £2 only. The special 
case of a = 6 in the latter product is an identity found by Mirimanoff which is crucial for 
proving his criteria for Fermat's last theorem — the finite polylogarithms have appeared in the 
literature prominently in the guise of "Mirimanoff polynomials" (cf. Ribenboim's 13 Lectures 
p7| ). Others of Mirimanoff 's identities can be reinterpreted in terms of functional equations 
of finite polylogarithms (actually, "multiple polylogarithms") which might nurture the hope 
that further knowledge concerning the latter could provide more obstacles for a solution of 
FLT to exist (but this may well turn out to be a too pollyannaf] attitude)... 

The organisation of the present work is as follows: 
Part I is dedicated to the introduction of classical and infinitesimal polylogarithms (in charac- 
teristic 0) and their associated functional equations and groups. In particular we re-introduce 
several notions of Cathelineau ||6|, |8| and give complementary properties. 

Part II introduces the finite polylogs, the functional equations that they satisfy and give 



^Pollyanna. The name of the heroine of stories written by Eleanor Hodgman Porter (1868-1920), American 
children's author, used with allusion to her skill at the 'glad game' of finding cause for happiness in the most 
disastrous situations; one who is unduly optimistic or achieves happiness through self-delusion. 
[Oxford English Dictionary 2] 
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their characterizations (section ^). We also introduce in the section ^ the construction of the 
"derivation map" and show that functional equations for classical polylogs give rise to func- 
tional equations for infinitesimal polylogs. The last section of this part (section ^) introduces 
the p-adic methods, and shows (Corollary |6.12 ), via Besser's result, that functional equations 
for infinitesimal p-adic polylogs produce functional equations for finite polylogs (under mild 
assumptions). 

Finally, the main proofs of Part II are given in Part III. 

The paper ends with a reproduction of the note of Kontsevich ||2^, originally written for a 
private booklet dedicated to Priedrich Hirzebruch on the occasion of his "Emeritierung" (re- 
tirement). We are grateful to him for letting us include it as an appendix. 
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Part I. Preliminary Background 

1. Definitions of polylogarithms and their analogues (in characteristic 0) 

In the following we will recall some standard, and some less standard, facts about polyloga- 
rithms and their functional equations. The main references will be Zagier ||36| and Goncharov 
pO| (for the classical case) as well as Cathelineau (for the infinitesimal case). 



1.1. Classical and one-valued Polylogarithms. Let n ^ 1, and D„ : C M(n — 1) 

be the Bloch/Wigner/Ramakrishnan/Zagier/Wojtkowiak function |36, |2^, 33|, or modified 
nth polylogarithm, defined by 

Vfc=o ■ / 



where K„ denotes Re or ilm, and M(n) = M or iM , depending on whether n is even or odd. 

2 ' ^ 6 ' 



The -Bfc are the Bernoulli numbers [Bq = 1, Bi = , B2 = h , B^ = , . . . ), and Lir, 
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denotes the classical m-logarithm 

Li„(z) = ^ — , \z\<l, 



n=l 



which can be analytically continued to the cut plane C — [l,oo) For example, we have, 

Di(z) = -log|l-z|, 

T>2{z) = ilm^Li2{z) + log(l - z) log \z\^ , 

Dsiz) = Re(^Li3{z) - log \z\Li2{z) - ^ log^ \z\ log(l - z)) . 

Remark 1.1. 1. The virtue of these modifications of classical polylogarithms lies in the 
fact that they are one- valued functions on the whole complex plane (at the points and 1 
they are defined by continuity) — as opposed to the multi- valued classical polylogarithm 
functions — and that they satisfy "clean" functional equations (i.e. without lower order 
terms such as products of polylogarithms of lower degrees). 

2. Instead of the above !)„ there is also the closely related real-valued function P„ (origi- 
nally introduced by Zagier [36|) widely used, and also denoted e.g. |19|. It differs 
from D„ only by a possible factor of i. 

3. Polylogarithms of a real variable. In a similar manner one can define real valued functions 
as given by Zagier fM] (eq. (31), p. 412), cf. also Lewin p5|] (eq.(16), p. 7), which could 



be called Rogers polylogarithms in view of Rogers's investigations in the case n = 2 |28|: 

Ln{x) = V ^ Lin-j{x) + ^ ^ log 1 - X , X ^ 1, 

^ — ' 7! n! 

j=o ■' 

and for |x| > 1 via the inversion relation 

Ln(^)={-lT-^Ln{x). 

1.2. Infinitesimal polylogarithms. We mainly follow the presentation in Cathelineau ||8|. 
Differentiating the functions D„ gives (see p. 1328) 

d^,, 2'=-i5fclog^-i|zl 2"-25„_ilog"-i|z| 

oz ^ k\ z (n — 1)! 1 — z 

and 



Finally we can deduce the expression for d1)n{z) 

dDn{z) = —Vn{z)dz + —Dn{z)dz 

OZ oz 



log'-'kl ^n-kiz)TUz) - \ \og--'\z\ T„_i(l - z). 



k=l 
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If k is even : Tfc(z) = dlogl^l , and if k is odd : Tfc(z) = (iiarg(z) . The main examples are 



dVi{z) = -dlog|l - z\, 
log |1 — z| diaL,rg{z) + log \z\ diarg{l — z), 



^2)3(2) = T)2{z)diaTg{z) + - log \z\ ( log |1 — dlog \z\ — log \z\ dlog |1 — z|) . 



Remark 1.2. Goncharov |JJ|](Prop. 1.18) had deduced a slightly different, but equivalent, 
formula earlier (the terms which seem a priori different — he wrote (ilog|z| instead of darg{z) — 
turn out to be multiplied by a Bernoulli number Bk which is zero since k is odd). 



2. Groups related to polylogarithms 

In the following, F will denote a field, and we abbreviate F" = F — {0,1}. We can think 
of it as a doubly punctured afhne line over F. 

2.1. The scissors congruence group. We define the scissors congruence group p{F) as the 
quotient of Z[F**] by the subgroup generated by the elements 



[b] + 



whenever such an expression makes sense. The relation is the famous five term equation for 
the dilogarithm (first stated by Abel, cf. ||2^). This group, which has a geometric origin (see 
for instance ||ll|), captures the algebraic properties of the dilogarithm, more precisely one has 



'b' 




"1 


-b' 


+ 


"1 




a 




1 


— a 


1 





Proposition 2.1. If F cC, then the dilogarithm D2 is defined on p{F). 

Suslin's definition of the Bloch group of a field is given by the following exact sequence (see 



501) 
(2.1) 



^ B{F) ^ p{F) A (F^ ^zF' 



K^{F) - 0, 



where K^^F) is the Milnor K2 of the field F (see ||9|, chapter 4), {F^ ®zF'^ )s is the quotient 
of F^ (^1 F^ by the subgroup generated by the elements of the kind x y + y ^ x. The map 
A is then defined by A([a]) = a iX) (1 — a) and the Bloch group of F is defined as the kernel of 
this map. 



Remark 2.2. 1. In [|llj], Dupont and Sah have studied in detail the scissors congruence 
group and also its connection to the dilogarithm. 

2. If F is an infinite field, the precise relationship between K3{F) and B{F) is described 

B{F)q which gives a description of 



by Suslin in |3C], and rationally we have K^{F)([^ 
K3{F)q in terms of generators and relations. 



3. Weibel |32| has computed the group B{F) if F is a finite field and has shown that it has 
the same relationship to as in the case of infinite fields. 
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4. The original definition of Bloch (Lecture 6, p. 59) is given by the following exact se- 
quence 

^ ^ A{F) A ®z F"" K2{F) 0, 

where A{F) is just the group Z[F**]. Notice that he also generalized the definition 
to rings in order to prove some rigidity property (pp. 62-68). Moreover, he obtained 
a map between S(F) and K^^"-'^{F)/Torf{F^,F^) for any algebraically closed field F 
|||l(pp.71-72). (Here, Kf'^{F) denotes the quotient of K2.{F) by the image of {F) in 
K^{F).) Later, Suslin ||3^ showed that we have an analogous map with B{F) and that, 
modulo 2-torsion, this map is an isomorphism. 



5. In fact the exact sequence ( pj] ) holds also for "rings with many units", such as semilocal 
rings with infinite residue fields (this is a consequence of results in [|T2|| ). 



2.2. Poly logarithmic groups and Goncharov complexes. Zagier has generalized in 
(section 8) the construction of the Bloch group to higher n and defined higher Bloch groups, 
on which the corresponding polylogarithm functions Dn 

are defined. They are constructed by 
an inductive procedure which has been made more conceptual by Goncharov whose framework 
we adopt here. Let F^{F) be the projective line over F. The construction of an intermediate 
group S„(F), descriptively called polylogarithmic group in |^, proceeds by induction on n ^ 2. 
We first need to construct certain subgroups An{F) and Oln{F) of Z[P^(F)]. Suppose that 
3?n(F) is defined, then we set 

a3„(F) =Z[pi(F)]/3?„(F). 



Define the morphisms 



Z[pi(F)] 




- torsion) 
if X = 0, 1, oo, 
otherwise, 



and for n > 3 



5n,F: Z[P1(^)] ^ (Sn-l(i^)®i^^), 

if X = 0, 1, oo, 

{x}n^i (X) X otherwise, 
where {x}n denotes the class of x in 'B„(F). 

Although it is not used in the inductive definition, let us define ^i{F) to be the group generated 
by [oo] and [x + y - xy] - [x] - [y], where x,y e F\{1}. Then 'Bi(F) = F^ . 
For n ^ 2, we define An{F) as the kernel of 5„ and ^n{F) as the subgroup of Z[P^(F)] spanned 
by [0], [oo] and the elements ?i-i([/j(0)] — [/i(l)]), where the fi are rational fractions in the 
indeterminate T, such that X]nj[/j] G An{F{T)). Goncharov proved the following basic 

Lemma 2.3. For all 2, the group Oln{F) is contained in the kernel of 6n- 



Proof. See [|19[ (Lemma 1.16, p. 221) and also ||8|] (Proposition 1, p. 1330). □ 



We then have a (cochain) complex, due to Goncharov ||19|, ^], with the group 'Bn{F) put in 
degree 1, 



8 



PHILIPPE ELBAZ- VINCENT AND HERBERT GANGL 



with 

6{{x}n-i yi A ... A yi) = {x}n-i-i ® X Ayi A ... Ayi, i = 0, . . . , n - 3, 

and 

S{{x}2 «) 2/1 A ... A yn-2) = (1 - x) A X A 2/1 A ... A 2/n-2- 



Zagier's higher Bloch groups jS^I arise in this context as the first cohomology group of the 
above complex, namely 

Note the typographical difference: one has Bn{F) C 23„(F). (There are in the literature 
several similar definitions of the "set of relations" Jln{F), denoted also Cn(F) in p6|.) 



Remark 2.4. 1. According to Zagier's main conjecture, the groups Bn{F) in the case of a 
number field F are presumably rationally isomorphic to K2n-i{F)Q. Using his complex, 
Goncharov was able to formulate a corresponding conjecture for any field and involving 
the 7-filtration of the K-theory of F. 

2. One of the major achievements concerning the above complexes was Goncharov's proof 



|19] of Zagier's conjecture for n = 3 in the course of which he has given an explicit set 
of relations for (some version of) 3^3 (-F) which enabled him to relate B3{F) to (some 
graded piece of) the algebraic -fC-group K^{F) . It is not known, however, whether his 
relations generate all functional equations for the 3-logarithm. 



2.2.1. Functions on the poly logarithmic groups. The following proposition relates func- 
tional equations for polylogarithms and relations in S„(F). (It is essentially the content of 
1 36 1, Prop. 3, in the form given in [p^] .) 

Criterion 2.5. The function Vn vanishes on Jln{F), assuming that F C C 

Let us end this section with a characterization of functions which actually can be defined 
on the corresponding 'Bn{F). For n ^ 3 one knows from work of Bloch and Goncharov, 
respectively, a characterization of the measurable functions which are defined on B„(C) : 

Proposition 2.6. (Characterization of Di , D2 and T>^ ) 

1. The function T>i{z) = — log |1 — is (up to a constant factor) the only measurable func- 
tion defined on 23i(C) . 

2. The function T>2 is (up to a constant factor) the only measurable function : C — > M which 
vanishes on 3?2(C) and thus defines a morphism on ^2(0) . 

3. The space of measurable functions : C — > M which vanish on 3^3 (C) and thus define a 
morphism on 'B3(C) , is two-dimensional, spanned by D3 and z log \z\ T>2{z). 

Proof. 1. is classical, 2. has been proved by Bloch 0], and 3. was given by Goncharov 
PI- □ 
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2.3. The infinitesimal polylogarithmic groups. Cathelineau Q has given analogues of 
the Goncharov complexes for infinitesimal polylogarithms whose cohomology is expected to 
be computed by some graded piece of Hochschild homology (the latter can be viewed in a 
sense as arising from applying a certain tangent functor to algebraic -fC-theory). 
One defines the group f32{F) , for F any infinite field, as follows 

F\F"] 

where r2{F) is the kernel of the map 

F[F"] — ^ F+ F'' , [a] a a + (1 - a) (g) (1 - a). 

If D2 denotes the Bloch-Wigner dilogarithm function, as defined in ( |1 . l] ) , and if F C C , then 
dT)2 , a somewhat modified differential defined below, is zero on r2{F) . 
For n ^ 3 , one defines inductively 

F\F"] 

where rn{F) is the kernel of the map 

dn = dn,F ■■ F[F"] ^ (/3„_i(F) ® F^) e F), 

[a] (a)n-i ®a + {a}„_i ® {1 - a), 
and where {a)k and {a}k denotes the class of [a] in (3k{F) and 'Bfc(F), respectively 

The F- vector spaces l3n{F) can be viewed as infinitesimal analogues of the groups 23„(F) . 
The previous definition still makes sense in the case of a finite field F, but it would give 
l^2{F) = 0. But there is also a presentation of (32{F) in terms of generators and relations 
given in [|| (section 1, pp. 52-53). As we are mainly interested by the structural properties of 
infinitesimal polylogarithms, we introduce the following group 

Definition 2.7. Let F be an arbitrary field. The group b2(F) is defined as the F-vector space 
generated by symbols {a), a G F" , subject to the relation 

(<.)-W + <.{^) + (i-»)(if^)=o, 

for a ^ b. 

We should notice that we always have a natural map b2(F) (32{F). In characteristic 0, 
usmg IKsection 4.2, pp. 1336-1337), we have 

Proposition 2.8. // F is a field of characteristic then the groups b2(F) and (32{F) are 
isomorphic. 



Remark 2.9. 1. Definition 2.7 makes sense for any field 



2. It is not obvious that for a finite field F of characteristic p we have 62 (F) 7^ 0. It will 
be proven later that this is actually the case. As a counterpoint, if F is a finite field 
or, more generally, a perfect field of characteristic p / 2, we then have /32(F) = (see 
IlKTheoreme 1, p. 57)). 
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3. The infinitesimal analogue (in the sense of Cathelineau) of the above higher Bloch group 
Bn{F) would be ker5„/r,i(F) which turns out to be for n = 2,3 if F is any field of 
characteristic 0. In fact we can show that the analogue of the Bloch group B2{F) is 



given by the second Harrison homology group |13|, proving that it is zero for any smooth 
Q-algebra. The results and problems described in ^, illustrate the (presumably) 
close connection between infinitesimal Bloch groups and smoothness properties. 

Observation 2.10. (Possible extension of generators in characteristic 0) 

1. If we allow the symbols and (0)„ in /3„(F) then, using the distribution relation 

( p.lO ) below, we necessarily have = (0)„ = if n = 2,3. 



2. We have (—1)2^+1 = by the inversion relation. 

2.3.1. Functions on infinitesimal polylogarithmic groups. The following proposition 
from 1^ relates, for F = C , functional equations for the infinitesimal polylogarithms and 
relations in the corresponding groups. 

Proposition 2.11. ||8|] For n^2 , the morphism of M.-vector spaces 

dBn: C[C"] — >M(n-l) 

h[a] ^ d2)„(a)(a(l - a)b), 

is zero on r„(C) , hence we get a morphism 

Remark 2.12. The definition is to be understood as follows: consider C as a 2-dimensional 
M- vector space with basis (l,i) and with multiplication induced by the one in C. Then 2)„ is 
seen as a map from —>■ M, dDn{a) is given by the Jacobian matrix in a (i.e. a row matrix of 
length 2). Identifying a(l — a)h as a column vector relative to the basis (1,«), the expression 
dT)n{a){a{l — a)h) is just the evaluation of the linear map dT)n{a) in a{l — a)b (i.e. the product 
of a row matrix of length 2 by a column vector of same size). 

Proposition 2.13. (Characterization of dT)2 ) 

The function dD2, restricted to M, is (up to a constant factor) the only continuous function 
G : M" — > M which satisfies the equation 

„,!_„) G(„) - .(1 - 4) 0(6) + O f ^ V "-"X--"' G f i^U . 

a \a J 1 — a \1 — a J 

whenever the terms are defined. 

Proof. Define H{a) = o(l -a)G(a), a G M", and i?(0) = H{1) = 0, then the above functional 
equation is reduced to the equation from for which it is well-known (cf. e.g. ||2^) that there 
is only the differentiable function H{x) = —x log |x| — (1 — x) log |1 — x| (up to a multiplicative 
constant) which satisfies the latter equation. □ 

Remark 2.14. Aczel and Dhombres |||](section 5.4, pp. 66-69) have shown that if 5 is a real 
function locally integrable on ]0,1[ and if, moreover, g fulfills the Fundamental Equation of 
Information Theory, namely 



g{x) + (1 - x)g ( - g{y) - (1 - y)g ) = 0, 
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then there exists c G M such that g = cH, where H :]0, M, is the function H{x) 



— xlog(x) — (1 — x) log(l — x). For more detail on this topic see |16|. 

3. Functional equations 
Definition 3.1. A functional equation of the n-logarithm resp. infinitesimal n-logarithm over 



the field F is an element in 'JlniF) resp. in rn{F) (cf. s.2.2). 

Let F = K{ti, . . . ,tr) and K' he an extension of K . We will say that ti = zi, ... , tr = z^, 
with Zi € K' , is an admissible K' -specialisation for a functional equation ^{ti, . . . ,tr) S ^n{F) 
(resp. rn{F)), if S^{zi, . . . , Zr) is well defined as an element of 'kei:{6n,K') (resp. keic{dn,K'))- 

Remark 3.2. The restriction in the definition of a functional equation for the n-logarithm 
to rational arguments (in the definition of Oln{F)), as opposed to algebraic arguments, is 
probably not a serious one, since the corresponding polylogarithmic groups are expected to 
be rationally isomorphic (cf. e.g. ||l^, pp.225. Conjecture 1.20). The above definition has the 
advantage of being more directly accessible to calculations. 

3.1. Functional equations for classical polylogarithms. We first list the equations which 
are true for general n: the inversion and distribution relations. 

Proposition 3.3. (Functional equations for I)„ , any n ) 

1. The inversion formula: 

{-} ={-ir-'{a}n. 
la) n 

2. The distribution formula 



C™=i 

holds in ^^(C) for m € Z and reduces to the inversion relation for m = —1. 

Remark 3.4. There is another symmetry coming from the complex conjugation: 

©„(z) = (-l)"-i'D„(z) . 

Note that this does not come from a functional equation in the above sense, since the corre- 
sponding relation {z}„ + { — l)'^{z}n is not zero in 'B„(C). 

3.1.1. The case n = 2. The following functional equations are well-known for the diloga- 
rithm: apart from the distribution relations above it satisfies a 2-term relation relating the 
arguments x and 1 — x, while the most important relation (which actually characterizes D2) 
is the five term relation which allows a formulation as a 3-cocycle relation. 

Proposition 3.5. (Functional equations for D2 ) 

1. A two term relation. 

(3.1) {x}2 = -{I - x}2 . 

2. The five term relation. We give two different formulations: 

(a) (as a cocycle relation in five variables): denote cr(a,6, c, d) = • Then 

5 



(3.2) ^ (-l)*{cr(xi,...,fi,...,X5)}2 =0. 

=1 
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(b) in two variables (using the arguments as in Suslin's definition of the Bloch group; 
this equation is a specialization of (a), putting (xi, . . . , 3:5) = (cxo, 0, 1, a, h) ): 

3.1.2. The case n = 3. For the trilogarithm one has, in addition to the inversion and distribu- 
tion relations, an equation with 3(+l) terms (in one variable), the well-known Kummer-Spence 
equation with 9(-|-l) terms (in two variables) and, most important, Goncharov's equation with 
22(-|-l) terms (in three variables, the "-|-1" referring to some constant term). 

Proposition 3.6. (Functional equations for ©3) 

1. There is a 3-term relation 

(3.4) {l_a;}3 + {x}3+|l-^| ={1}3. 

2. The Kummer-Spence equation: 



6(l-a)J3 \b{l-b)\^ ^i_6)(i_a 

2 <^ -\ -2 



1 — 5I3 1^6 — IJ3 l^a — Ijg 



An equivalent version is given by 



y{l-xy}^ UJ3 



y(.'^-x)\ ^fl-x\ ^\y{l-x) 



y-1 J 3 li-yJ3 U(i-y)J3 

X — 1 



x{l - y) 



2{x}3-2{y}3 + 2{l}3 = 0. 



3. Goncharov's equation: Set 

, N f^(l-a)l \a{l-h)\ \l-a\ \ ch{l - a 

(3.7) f[a,b,c)={a}^ + {^-— ^\ +{^--^\ +{——-} +^ 



1 I3 [a — IJ3 tl — o^c J 3 1 1 — abc 



(3.8) - {a6}3 

Then 



a(l -c)(l -c) 
(1 — a)(l — a6c) J 3 



/(a, 6, c) + /(6, c, a) + f{c, a, 6) + {a6c}3 = 3{1} 



3 • 



3.1.3. The case n > 3. For general n, there are only the inversion relation and the distri- 
bution relations known (they are the so-called trivial ones), while the existence of non-trivial 
equations has only been established up to n ^ 7 (cf. ||lT 



ON POLY(ANA)LOGS I 13 

3.2. Functional equations for infinitesimal polylogarithms. Most of the functional 
equations for dT>n stated in this section can be viewed as analogues of equations for the 
corresponding D^. The main example which cannot be interpreted in this way (so far) is 
Cathelineau's equation for C/D3. 

We first list the equations which are true for general n: the analogues of the inversion and 
distribution relations. 

Proposition 3.7. (Functional equations for dDn , any n) 

1. The inversion formula 

(3.9) a(^) ={-ir-\a)n. 

2. The distribution formula 

holds in /?n(C) for m G Z and reduces to the inversion relation for m = —1. When 
m = 2, we call this equation the duplication formula. 

3.2.1. The case n = 2. The following functional equations are true for the infinitesimal 
dilogarithm: 

Proposition 3.8. (Functional equations for ) 

1. The 2-term relation. 

(3.11) {X)2 = {l-X)2. 

2. A six term relation. Let s E F . Then 

->2 + y(-, 

y/Z \y, 

is symmetric in x and y . Specifically, we have for s = the 
fundamental equation of information theory 

^_\ /_.\ y 
y' 

which is equivalent to Cathelineau's version 

(3.14) (<.),- (6), + „(^)^ + (l-<.)(i^)^ = 0. 

3. A family of five term relations is given by taking linear combinations of the following 
two equations in fi,ve variables: denote cr{a,b,c,d) = ^Ef^Ef denom(a, 6, c, d) = 
(a — d){b — c) . Then one has 

5 

(3.15) ^ (-l)Menom(a;i, . . . , Xj, . . . , xs) (cr(xi, ...,Xi,.. .,X5))^ = 0, 
1=1 

and 

5 

(3.16) ^ (-l)*Xidenom(a;i, . . . , £i, . . . , X5) (cr(xi, ... ,Xi,... ^x^))^ = 0. 
1=1 



(3-12) (i-y)<Y— >2 + y(->2 + (y)2 



(3-13) (1 - y){Y^)2 - i^h = (1 - ^)<r3^>2 - iyh 
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4. The same family of five term relations can be stated with less parameters in the arguments: 
(3.17) 

(6 + t){ah - (a + t){b)2 + (1 + t)a(^) + t{l - a)(^) + 6(1 - a)(^^^) . 

\a/2 \l — a/2 \b{l — a)/2 

Proof. It is a straightforward matter to check that the above elements He in the kernel of 82- 
Nevertheless, we give some interrelationships between the various equations. 



1. The symmetry of equation ( 3.12| ) is equivalent to ( 3.14| ) 



We have to write the following relation 

(1 - y){^y)2 + yC-)2 + ivh = (1 - + -{-^2 + i-h 

as a sum of 4-term relations. 

On the left hand side of the equation we add the 4-term relation in the following form 

(^)^ + + a -»)(i^>^ = o, 

and we do the same on the right hand side with y replaced by x. This leaves us with 
another form of the 4-term relation 

^) (^>/ <- •) (B>r " - ^' (H>/ <- ») (1^: : , 

(to see this we should replace, in ( p.l4| ), x by and y by and use ( |3.11| )), thereby 
proving the first claim. 

The equivalence of ( |3.14| ) and ( ^.13| ) is easily shown using the inversion and the 2-term 
relation. 

2. The second family of five term relations is almost direct to deduce: the combination given 



is the sum of t times the 4-term relation (3.14) and its following equivalent formulation 



(3.18) + + 

(replace in ( ^.14)) a and b by their inverses, respectively, then multiply the result by —ab 
and finally use the inversion relation on three of the ensuing terms). 

From this, we get a very simple proof of the five term relations in cocycle form, i.e. 
( ^.15 ) and ( ^.161) : in each of the two versions (|]l|) and (|]l|) of the 4-term relation 



we put a = cr(3;i, X2, X3, X4) and b = cr(xi, X2, 3:3, X5). Introducing for the moment the 
notation (ijkl) := ci{xi,Xj,Xk,xi), we can rewrite the two equations in a concise way: 

((1234)) -((1235)) +(1234)((1245)) + (1324)((1345)) , 

(1235)((1234)) - (1234)((1235)) -F(1234)((1245)) (1235)(1324)( (2345)) . 

Given A € Z, there is a linear combination of the two equations such that the coefficient 
of (ct{xi, X3, X4, xs)^ (which only occurs in the first equation) and of (|cr(x2, 3^3, X4, Xs)^ 

(only occurring in the second equation) is — X2 (a;i — X5)(x3 — X4) and a;^(x2 — X5)(x3 — X4), 
respectively. If, for A = and A = 1, we compute the coefficients of the other three 
arguments, we obtain exactly the expressions given in the claim. 
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For example, let us compute the coefficient of the first argument in the case A = 1: the 
first equation is multiplied by 

.ixi-X4){x3-X2) 

-X2{Xi - X5)(X3 - X4)- , 

[Xl - X2){X3 - X4) 

the second by 

- 2;5)(X2 - Xs) (Xi - X4)(X3 - X2) 

X1{X2 - X5)(X3 - X4)- , 

(Xl - X3)(X2 - X5) (Xi - X2)(X3 - X4) 

SO the coefficient becomes 

-X2(xi - X5)7^^ ^{X3 - X2) + Xi(x2 - X^)^^ ^(^^S " X2) , 

(X1-X2) (2:1 -X2) 

which is equal to X5(xi — X4)(x2 — X3) . 

□ 



Remark 3.9. The generalized version of the fundamental equation of information theory, 
namely (|3.12| ), is equivalent to the one given by both Kontsevich and Cathelineau (referring 
to Aczel-Dhombres), as was shown in the proof (part 1.) above. At first glance, it is somewhat 
surprising that we do not get anything new although we can achieve to insert a third (non- 
homogenizing) parameter — but there are related phenomena known for the five term relation. 
In particular, we do not gain new information for information theory. 

3.2.2. The case n = 3. For the infinitesimal trilogarithm one has an equation with three 
terms (in one variable), a "derived version" of the Kummer-Spence equation with eight terms 
(in two variables) and, most important, Cathelineau's equation with 22 terms (in three vari- 
ables) . 

The proposition below gives complementary information on P^{F). 

Proposition 3.10. (Functional equations for dV^) 
1. There is a 3-term relation 

(3.19) (l-x)3-(x)3 + x/l-i\ =0. 



2. The Kummer-Spence analogue: the F-linear combination 
(3 20) (1-^)^ / (l-a)a \ ^ (l-b)(l-a) / ah 



1-b-a \ b{l-b) / ^ 1-b-a \{1 - b) {1 - a) ^ ^ 

_^ b\ ^ {a-b-l){l-b) / a \ {a-b + l)b/l-a 



a/g 1 — 6 — a \l — 6/3 1 — 6 — a \ ^ /3 
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vanishes in l3z{F) . An equivalent version, denoted KS{x,y), is given by 



(3.21) {xy)^+y{-) - (1 - y) 



X 

y/3 



y- 1 / 3 



+ -y) 



X — 1 
x{l - y) 



(1 + 2/) (x)3-(l + x) (y). 



Proof. The 3-term equation and (|3.6|) will follow directly from the equation in the next propo- 
sition. The equivalence of the two Kummer-Spence analogues becomes evident after applying 



□ 



the change of variables x = , U = ^-5^ > and multiplying the result by . 

We can also notice the following formal property, that we will give as 

Lemma 3.11. In (3s{F), the inversion formula is a consequence of the 3-term equation. 

Proof. Add the 3-term equation to its variant where x is replaced by 1 — x. Four of the terms 
cancel and the remaining two give the inversion relation. □ 

Cathelineau has given a 22-term equation which completely describes the set of relations for 
the infinitesimal polylogarithmic group Psi^F) : In order to state it conveniently, we use his 
notation for a distinguished linear combination of seven terms 



(3.22) 

where we have set 
r(a, b) = 



[[a, b]] = {h- a)r(a, h) + ^T^^W + Y3^'^(^) ' 



[b] ^ a 



1 — a 1 — 6 a — b 



I- a 
b — a 



1-6 
I- a 



+ 



6(1 - a) ra(l - 6) 



b — a L6(l — a) 



T arises by taking the five term relation (3.3) and multiplying each [zi] with the coefficient 



l-Zi . 



and 



cj(a) = a[a] + (1 — a)[l — a] . 
Then we can state the 22-term relation as follows 

Definition 3.12. We define the formal expression J{a,b,c) in the indeterminates a,b,c as 



J{a,b,c) = [[a,c]] - [[b,c\] + a 



+ (1 - a) 



1-6 
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Remark 3.13. 1. Writing out all the terms, we obtain 22 different arguments: 

J(a, 6, c) = c [a] - c [6] + (a - 6 + 1) [c] 

+ (1 - c) [1 - a] - (1 - c) [1 - 6] + (6 - a) [1 - c] 





"C" 


+ 6 


"C" 




"6" 


a 






+ ca 






.a. 




i. 




a 



-(1-a) 
+ c(l - a 
-6 



1 - c 



CO 

T 



+ (1 - c)a 
-{a-h) 
+ c(a - 6) 



1 - a 

"a(l -c) 
_c(l - a) 

(1-6) 

a — b 



+ (1-6) 



1 - c 



1-6 
c(l - 6) 
cfl — a 



+ c(l - a) 



1-6 



1 - a 



6(1 



c(l - 6) 



a 

(1 - c)a 
a — b 

(1 - c)6 
c(a — 6) 



1-6 

+ (l-c)(l-a) 



-(6-a) 
+ c(6 — a 



1-a 

6 — a 

(l-c)(l-6) 
c(6 — a) 



2. When a, 6, c are elements of an arbitrary field F, we will still use the notation J(o, 6, c) 
for the evaluation of J in the specified values. 



Theorem 3.14. (Cathelineau, [p, Corollaire 1, p. 1345) Let F be afield of characteristic zero. 

1. The image of J{a,b,c) under the projection F[F"] — > I3^{F) is zero. 

2. Furthermore, J{a,b,c) , together with its specializations to c = a, b, ^ or jE^, respec- 
tively, and the inversion relation generate the set of relations which define PaiF) . Here 
we understand (1)3 = 0. 

Remark 3.15. 1. In the presentation of |p, Corollaire 1, one can replace his equation 1) 
coming from [[a, 6]] — [[6, a]] by the shorter inversion relation (^). (Proof: add his equa- 
tion 1) to the same relation where a and 6 are replaced by ^ and | and where the result 
is multiplied by ab.) 

2. The combinations [[a, c]] +a[[l/a, c]] and [[a, c]] — [[1 — o, c]] give versions of the Kummer- 
Spence analogue. Since, e.g., (0)2 — (1 — 0)2 = results formally from the four term 
relation (at least up to 2-torsion), we get the Kummer-Spence analogue directly from 
J(a, 6, c). 



3. By Observation 2.10 , one can introduce elements [a] for a = 0, 1 and set their image in 
(33(F) equal to zero. What is more, one can add a formal generator [00] as well, for which 
we only require 0[oo] = 0. One can then formally deduce the 3-term equation (3.19) by 
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specializing a = 1 in ]^J{a,b,c) and one obtains the Kummer-Spence analogue (|3.6D 
by specializing a = in (1 — x)(l — y)J{a, (1 — x)~^, (1 — y)~^), (these specializations 
are not allowed in Cathelineau's context, but will make sense in the "finite polylog" case 
below). 

4. A different way to obtain the Kummer-Spence analogue is to symmetrize, i.e. to form 

J(a, b, c) + J(b, a, c) + c(J(a, b, -) + J(b, a, -)) , 

c c 

and then to check that one obtains the difference of two Kummer-Spence analogues 

5. Alternatively, one can deduce the Kummer-Spence analogue or the 3-term relation (non- 
explicitly) from J(a, b, c) by simply checking that the corresponding linear combinations 
lie in the kernel of 83 , and then use Cathelineau's theorem to deduce that each such 
combination must be a consequence of J(a, b, c) . 



6. In the case of the classical trilogarithm, Goncharov has given a new functional equation 
in 22(+l) terms which presumably generates all functional equations for D3, i.e. the 
kernel of S3, but there are (infinitely many) functional equations (cf. jl^) which 

are not known to be formal consequences of it. Cathelineau's result in the infinitesimal 
setting is stronger in the sense that it actually generates the kernel of ^3. 



One of the major consequences of Theorem 3.14| is that it allows us to give a general 
definition for 63. 

Definition 3.16. Let F be an arbitrary field. The group b3{F) is defined as the F-vector 
space generated by symbols [a], a G F, subject to the relations J{a,b,c), together with its 
specializations to c = a, b, f or j^, respectively, the inversion relation and [1] = [0] = 0. 

If in PsiF) we introduce elements [a] for a = 0, 1, we then have, in virtue of ( ^.10|) , a 
surjective map of F-vector spaces 63 (F) — > /33(F), which is an isomorphism in characteristic 
0. As in the case n = 2, if F is a finite field of characteristic p, /33(F) = but it will be 
shown in part III that b3(F) 7^ 0. The groups bn(F), for n = 2,3, measure how much the 
group Pn{F) deviates from being generated by the main functional equations of infinitesimal 
polylogarithms. 

3.2.3. The case n > 3. For general n , there are only the inversion relation and the distri- 



bution relations, as seen in ( 3.10 ), known. For each functional equation of the corresponding 
classical polylog, using the "derivation map" described in the section ^, there is associated a 
functional equation (actually many) for the infinitesimal polylogarithm. From what has been 
stated above for the classical case, this means that at least up to n = 7 there are non-trivial 
ones. 



Part II. The Results 

4. Finite versions of polylogarithms and their functional equations 

In this section we will study what we can call finite analogs of the polylogarithms and also 
the groups byi(F) for n — 2, 3 in the case where F is a field of characteristic p ^ 1 (eventually 
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finite). We will show that for n = 2, 3 the finite analogs of the polylogarithms define functions 
on bn{F), showing that surprisingly they behave like the infinitesimal polylogarithms. As 
for the previous cases, we will show, at least in low dimension, that these finite polylogs are 
uniquely characterized by their functional equations. 

For the remainder of the paper, let us fix an odd prime p . We shall work over an arbitrary 
field F of characteristic p. 

4.1. Definition and first properties of finite polylogarithms. 

Definition 4.1. For any field F of characteristic p, the nth finite polylogarithm or finite 
n-logarithm is given by the following polynomial in ¥[T] : 



Notation 4.2. For the remainder of this paper, we will denote P the function associated to 
the polynomial P . 

Remark 4.3. 1. "Extension by periodicity" 

If F is of diaracteristic p, it has Fp as prime subfield, which is fixed by the Frobenius 
morphism x i-^ x^. As a result we have the (p — 1)— periodicity £n+p-i = £n, and we 
need only consider n < p. 
2. It is important to notice that the functions £n are not identically zero on F. 

The following differential equation relates the finite polylogarithms of different orders (just 
like in the classical case) 



where we denoted ^ by d\og{U). Extending this formally, it is convenient to introduce the 
following notation: 

Definition 4.4. Let F be a field of characteristic p. Define the following "Frobeniizing" map 



One observes that, for any c and / in F, the differential operator ^ acts linearly on the 




d£n{U) = £n-l{U)dlog{U), 



£m : F[F"]^F, 

C[f] ^ Cf£m{f) . 



coefficient c of £^(c[/]) and, as above, like dlog on the generator [/]: 



^2..(c[/])=2„-i(c[/])^log(/). 



Observation 4.5. 



0. For n = we have 



£o{T) 



T 



1 -T ' 



and therefore 



(4.1) 



T£q{1-T) = -{1-T)£o{T). 
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1. For n = 1, by expanding (1 — T)p and noticing that |(^) = -^(f.}) = -^-^^ — , we get a 
simple (and well-known) formula 

I - TP - (I- T)P 
£i{T) = ^ (mod p) . 

Note that the term on the right hand side occurs in the polynomials which define the 
sum of the two Witt vectors (1, 0, . . . , 0, . . . ) and (— T, 0, . . . , 0, . . . ). 

4.2. Functional equations for finite polylogarithms. A priori, there seems to be at least 
two natural candidates for functional equations for the finite n-logarithm: we could ask for 
linear combinations Yli^d^i] such that vanishes for all specializations of the parameters 
which "make sense" (i.e. no term "g" occurs); we will call those combinations weak functional 
equations. But this definition has the disadvantage that there are too many ambiguities 
involved (just think of a coefficient that is divisible by — x). Instead, we will impose the 
stronger property that Ci£n{xi) vanishes as a rational expression, and by multiplying with 
the common denominator, we can even assume it to vanish as a polynomial. 

Definition 4.6. A functional equation in the strong sense for the finite n-logarithm over 
a field F of characteristic p is a finite linear combination Yl,i^i^n{xi) € F{t)[F{t)] which 
vanishes identically as a polynomial. 

A functional equation in the weak sense is a finite linear combination Ci£n{xi) £ F{t)[F{t)] 
which vanishes for each specialization of parameters which makes sense. 

In the following we list a number of equations which are identical to the ones for the 
infinitesimal polylogarithms, apart from "Frobeniizing" the coefficients (i.e. raising them to 
the pth power). The proofs will be postponed to §0. 

4.2.1. General functional equations for £n- 

Proposition 4.7. Let n G Z be arbitrary. We have the following identities 
1. Inversion formula: £n{T) = {—1)^TP £n ( — 



J, 

It can be viewed as a special case {m = — 1) of the following 
2. Distribution formulae: assume F contains a primitive mth root of unity. Then 



i:„(r-)=m"-^ J] i-^i:„(CT). 



3. Special values: £n(l) =0 if {p— l)/n and = —1 else, while £2n(— 1) = for any n. Let 
Bj = be the jth Bernoulli number and set Gj = 2(1 — 2^)Bj. Then for < m < (p — 1) 

we have that £p_m(— 1) = — —. 

m 

Remark 4.8. Notice that the numbers Gm are integers by virtue of classical results (for 
instance it is a consequence of the Theorem of von Staudt-Clausen[^] (Theorem 5.10, p. 56)). 
These numbers are called the Genocchi numbers and we have mGp-i+m = {m — l)Gm mod p 
which is nothing else than the famous Kummer congruence for Bernoulli numbers. 

Still mirroring the set-up in the infinitesimal case, we now state several functional equations 
specific to n = 1, 2 . 
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4.2.2. Equations for £i. 

Proposition 4.9. 1. The 2-term relation: £i{T) = £i{l — T). 

2. The generalized fundamental equation of information theory: let s , x and y he inde- 
terminates. The expression 

Hix, y, s) = il- yY£i + yP£i + £i{y) 

in ¥[x,y,s\ is symmetric in x and y . Specifically, we have 

(4.2) £i{a) - £i{b) + aP £^ (-\ + (1 - af £i (\^\ = . 



a J \1 — a ^ 

3. The five term relations. 

Denote ci{a,b,c,d) = "^^^ denom(a, 6, c, d) = {a — d){b — c) . Then we have 

the polynomial identities in F[xi, . . . , X5] 

5 

^(-1)' (denom(xi, . . . . . . ,X5))^ i?i(cr(xi, . . . ,f~j, . . .,x^)) = , 

i=l 

and 

5 

^(-l)*a;^ (denom(xi, . . . . . .,x^)Y £i(cr(a;i, . . . . . . ,X5)) = 0. 

i=l 



Corollary 4.10. The ¥-vector space b2(F), as defined in l\2. is of dimension at least 1. If, 
moreover, ¥ is a perfect field, then 62 (F) = F. 



Proof. According to Proposition |4.9| , the function £1 is a well-defined function on b2(F), and 
as it is not identically zero on F, the dimension of 62 (F) is non-zero. By [^(Theoreme 1, p. 57), 
we know that /32(F) = 0. But as the relations in /32(F) are given by the 4-term equation (i.e. 
the Fundamental Equation of Information Theory) and the relation X]fc=2[^lF], (see section 
1.1 and also Sah's Lemma in (pp. 52-53)), and as we further know, again by Sah (see the 
remark on p. 53 in op. cit.), that these two relations are independent, we can conclude that 
the kernel of the map b2(F) — > /32(F) is generated by the element ^^^=21^ Evaluating £1 
on this element shows that it is non-zero, which ends the proof. □ 

4.2.3. Equations for £2- In this subsection we will give answers to the question raised by 
Kontsevich in ||23|. Notice that we need to assume p > 3 throughout. 



Proposition 4.11. The 3-term relation and the Kummer-Spence analogue are functional 
equations for £2. 



Proof. This is a consequence of the following theorem, together with remark ( 3.15| ). □ 



Theorem 4.12. The image of J{a, b, c) under the map £2 is a polynomial which is identically 
zero in F[a, 6, c]. 
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Remark 4.13. 1. By there is a better answer to Kontsevich's question, at least "quan- 
titatively": each functional equation for dV^ induces a functional equation (in the weak 
sense) for £2- This is true in particular for the 3-term equation and the Kummer-Spence 
analog. 

2. One can find further equations (in the strong sense) for £2 and in general for with 
n ^ 3 in |16]. 



By similar arguments as in the proof for £1, we get 

Corollary 4.14. The ¥-vector space b3(F) is of dimension at least 1. 

4.3. Characterization of finite polylogarithms. We can characterize £1 and £2 by the 
functional equations they satisfy. 

Proposition 4.15. The space (over¥) of solutions of the "fundamental equation of informa- 
tion theory" is of dimension 1 generated by £1. 

Proof. Set /(T) = Sf=o^ OiT* E IFg[r] , and suppose that / verifies /(O) = and the 
following identity in 

fix) + (1 - xff - f{y) - (1 - yff = . 

Differentiating the previous equation with respect to x gives, 



[1 — x)^ \i — X J 1 — y 

with df{T) = ai + Yl^i=2 i^-iT^^^ and thus df{0) = ai . Setting x = in the previous identity 
gives 

1 - 

ai + y df{y) - ai = 0. 

1 -y 

But as = Z]f=o 1 previous equality implies aj = ^ . In other words, since /(O) = 
we have f = ai£i , which proves the claim. □ 

In fact we have a stronger statement 

Proposition 4.16. The 2-term equation, the inversion and the duplication formulae charac- 
terize altogether £1. 

Proof. It is a consequence of the following lemma 

Lemma 4.17. Suppose that ak is a sequence of integers with k = 1, . . . ,p—l (p an odd prime 
fixed), which fulfills the following rules 

-lEf=fc+ia*(fc), ifk is odd, 

\ak otherwise, 
^ - 2 

and Up-^k = — Ofc for all k = 1, . . . ,p — 1. Then ak = ^ £ for all k = 1, . . . ,p — 1. 

Proof of the lemma. The proof goes by descending induction starting from p — 1. First we 
notice that by the third rule, we have Op-i = — ai = modulo p. Suppose that ai = ^ 
modulo p for all i > k. Now compute ak modulo p. Observe that we can assume k ^ p — 3, 
since we can compute from the rules ap-i and Op_2. If k is odd then by the first rule we 
deduce directly ak, but we still have to show that Ofc = x ™odulo p. This is done via the 
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Sub-Lemma 4.18. // k is odd and ai = ^ modulo p for all i > k. Then Ofe = x f^odulo p. 
Proof of the sub-lemma. We have to show that, modulo p, 

ai 1 di fi 

~k^~2 ^ TU 

i=k+i ^ 

or equivalently, assuming ai ^ 0, that 

i=k+l ^ 

But 

kri\ _ A- 1 
'i[k) ~[k-l 

Using the usual rule (^) = if n > m, we have 

But X^^^o (fc-i) ~ (^fc^)' ^'^^ modulo p, we have (^^^) = (—1)^, we finally get, using the 
fact that k is odd, the desired identity. □ 

Now return to the proof of the lemma and suppose that k is even. If = 2 then the process 
ends, so we can suppose that > 3. The idea is to show that we can compute directly a^-x 
and to deduce Cfc from the first rule (we will still need to show the desired property). As k is 
even, /c — 1 is odd and thus p — k^ \ is even. Thus by the third rule we have a^-i = — ap_fe+i 
and by the second rule we have 

1 

«n-fc+l — -g p-fc+l ■ 
Z 2 

But there exists j G N such that p = k + j with 3 ^ j < p (because k ^ p — 3). Hence, 
applying once again the third rule gives 



Q p-fc+l — — Q p~k+i . 
2 P 2 



But 



P - + 1 P + h--l j 
p = = k + 



2 2 2 

And as j ^ 3, we have ^ 1, which means, applying the induction, that a p-k+i is already 

P 2 

known. We then get the value of Ofe-i and by applying the first rule to it we deduce the value 
of Ofc. Now to finish the proof we need to show that, in this case = ^ modulo p. Notice 
that we can also assume by the induction that ai = ^ modulo p for all i > k. First we show 
that in the previous process, we get ak-i = modulo p. Indeed, by the induction we have 

ai 



Thus 



P 9 
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And finally 




To conclude we need to prove a variant of Sub-Lemma 4.18| . 

Sub-Lemma 4.19. Suppose that k is even, ai = ^ modulo p for all i > k and at-i 
modulo p. Then = 4r modulo p. 



k~l 



Proof of Sub-Lemma 4-1^ - We have the equality 

ai 



k-1 



1 1 ai 

^a,k-- ^ - 

i=k+l 



k-l 



Using the same arguments than in the proof of Sub-Lemma ^1.18| , we get the following identities, 

p-2 



E - 

i=k+l 



1 



k-l 



E 

i=0 



k 



And we finally have 



Ql 
k-l 



{-If-' -{k-l) -I, 
— I — k, as A; is even. 



1 (l + fc)ai 

'l""'^^ 2{k-l) ' 



from which we deduce = 



□ 
□ 



Hence the proof of Lemma 4.17 is complete. 
Back to the proof of Proposition 4.16| . Suppose that P{T) = Yl^=o ^ ^pi'^] verifies the 



conditions of the proposition. Then applying the three equations to P gives oq = 0, and the 
other coefficients a,- fulfill the rules described in the Lemma 4.17. □ 



Remark 4.20. "Cohomological characterization of £i" 

Kontsevich showed that £i gives a non-zero 2-cocycle in H'^{'L/p,'L/p). Since the latter group 
is isomorphic to Z/p, this characterizes £i up to a scalar. 

4.4. Space of solutions for equations associated to £2- As J(a, 6, c) is the main relation 
for ba , we can expect that it characterizes £2 ■ In fact, we can first give a family of polynomials 
(which form a space of dimension growing linearly with p) and then characterize £2 by 
imposing also the duplication relation (i.e. the distribution relation for £2 with m = 2). Since 
these two equations are consequences of the Kummer-Spence analogue, and the latter in turn 
is a consequence of J{a,b,c), we are done. 

Proposition 4.21. The dimension of the ¥p-space of solutions associated to the equation 

I 



(4.3) 



PPP f 1 - ^ ) - P{T) + P(l - T) = 
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grows with p and is at least of dimension + 1. The family of polynomials 

Ti^p{T) = T\l - TYiTP-^' + (-1)*), 

with i G N such that the valuation of Ti^p is ^ (for instance if i ^ |_|J ), is a solution of 

-] 

3 



Ii4-^ )- Moreover, for i = 0, . . . , this family is free. 



Proof. The fact that r^^p fulfills ( [4. 3D is a direct computation. For i = 1, . . . , the family 
is free for degree reasons, since deg{Ti^p) = p — i. Furthermore ro,p does not belong to this 
family for valuation reasons. □ 



Remark 4.22. 1. We already know, by Lemma |3.11| , that the inversion formula is a con- 
sequence of the 3-term equation. But a straightforward computation shows that the 
polynomials Ti^p fulfill the inversion formula for £2- 
2. In fact the rank of the family r^^p is greater than but the proof is a little bit more 
involved. We can also notice that £2 is never expressible in terms of r^^p if i runs only 
through 0, . . . , ^ 1. 

Thus the 3-term equation is insufhcient for the characterization of £2- Nevertheless, we have 
the following main result 

Theorem 4.23. Let P be a polynomial of ¥[T] of degree less than or equal to p — 1. Set 
h = TP' . Then if P fulfills the duplication relation and the 3-term equation, and if moreover 
h fulfills the 2-term equation then P is equal, up to a multiplicative constant, to £2- 

Proof. Let P be a polynomial of degree ^ p — 1, and suppose that P fulfills the following two 
equations 

(4.4) pPpil-^ -P{T)+P{l-T)=Q, 



(4.5) 2(1 + TP)P(T) + 2(1 - TP)P{-T) - ^(r^) = 0. 

Then observing that we can deduce the inversion formula as a consequence of the 3-term, 
and taking the derivative with respect to these equations shows that h fulfills the inversion 
formula and the duplication formula. As, by hypothesis, h fulfills also the 2-term equation, 
we conclude from Proposition 4.16 that /i. is £1 up to a constant, which implies that P is £2 



up to a constant. □ 

Remark 4.24. We actually expect a slightly stronger result to be true, inasmuch as already 
the duplication and 3-term relation characterize £2] this claim has been verified for all primes 
3 < p < 200. 

As we can formally deduce the two equations in the proposition from the Kummer-Spence 
analogue and the Kummer-Spence analogue in turn from the Cathelineau equation J(a, 6, c) 
(because in this case the specialisation mentioned in ( 3.15| ) is allowed), we get 



Corollary 4.25. The space of solutions of the Kummer-Spence analogue and the space of 
solutions of the Cathelineau equation are both of dimension 1 generated by £2- 

Proof. We only need to show that if P € F[r], assumed to be of degree less than or equal 
to p — 1, setting h = TP', h fulfills the 2-term equation. In order to do that let KS{a,b) 
denote the formal Kummer-Spence analogue, then taking the derivative with respect to a, and 
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rewriting the equation with h and finally specializing to a = 0, we can see that, modulo the 
inversion formula for h (which we can get directly by deriving the inversion formula for P), 
we have the identity h{b) = h{l — b). □ 



5. Deriving functional equations : construction of the derivation map 

The main goal of this section is to prove that one can pass from functional equations 
for polylogarithms to functional equations for the corresponding infinitesimal polylogarithms. 
For this purpose we will construct a family of maps, parametrized by a given derivation, from 
"BniF) to f3n{F). The origin of such maps comes from the categorical setting which is behind 
the "tangential processing" involved in the construction of the infinitesimal polylogarithmic 
groups, which is to some extent discussed in |^ ||, and will be treated in more detail in 



In subsection p.l| , we present the "derivation map" from polylogarithmic groups to infin- 
itesimal polylogarithmic groups. In subsection |5.2| , we prove, as an application, that the 
derivation of a functional equation for any polylogarithm gives rise to a functional equation 
for the corresponding infinitesimal polylogarithm, and we will show several examples. 

5.1. From classical polylogarithmic groups to infinitesimal polylogarithmic groups. 

For the construction of the polylogarithmic groups (see section § on page |6|), we gave an 
initial procedure for n = 2 and an inductive procedure for higher n. The construction of the 
"derivation map" follows this principle. 

5.1.1. The case n = 2. 

Lemma 5.1. Let F he a field and D G Derz{F) be an absolute derivation. Consider the 
well-defined maps fn ■ F[F"], [a] ^ D{a)[a] and gn : A^(^'') ^ F"" ®z F, 

X A y I— > —X ® ^^Y^ + y ® ■ Then the following diagram 



Z[F"] — ^ F[F"] 



82 



f\\FX) . FX (g)zF, 

go 

is commutative, where 52([a]) = ^ + ^ ^. 

Proof. First we observe that the map (7d is well defined. Indeed this is a consequence of the 
dlog property of the map y 1-^ -^^^ defined on the units and of the fact that goix ® x) = 
which implies that goix Ax) = 0. Then, the commutativity of the diagram is a direct 
check. □ 



As a direct consequence we get a map from ker(<52) to ker(52). Similarly, we can obtain 

_D(a)_| 

i(l-a) I 



a map ker((52) to ker((92) by replacing /£> by fo ■ [0] ^ afi-a) t"^] which induces a map 



r2,i? :B2(F) ^ /32(F). 

5.1.2. The case n > 2. Suppose we have defined the "derivation map" t„-i,d : 23„_i(F) —f 
(5n-i{F) (with respect to a derivation D) for the level n — 1. Then we can construct T,fi £) by 
induction as follows. 
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Proposition 5.2. Let D € Derz{F) be an absolute derivation for the field F. Then we have 
the following commutative diagram: 

Z[F"] F[F"] 



d„ 



FX > f3n-iiF) 0z FX e 0^ F 



9n,D 



where fo is defined on generators as [a] while Qn.D is given by 

gn.D ■■ {X}n-1 Tn-l,D[{x\n-l ) y + {x\n-l 

y 

and dn by 

dn{[a\) = (a)n-i (8) a + {a}n-i ® {I - a) . 

Remark 5.3. We want to point out that despite their apparent simplicity, these crucial 
commutative diagrams do not show up at first sight. 

This induces a map from ker(5„) to ker(9„) which in turn induces the desired "derivation 
map"T„,z):B„(F)^/?„(F). 

Definition 5.4. Let F be a field and D G Derx{F) be an absolute derivation for the field F . 
We will call the map Tn,D '■ '^niF) — > PniF) the derivation map from 'Bn{F) to l3n{F), with 
respect to D. If x is an element of'Bn{F), the element Tn,D{x) G PniF) will be called the 
derivative of x with respect to D . 

As usual, if D is clear from the context we will omit it. 

Remark 5.5. We can notice that all the Tn^n, and also all the maps involved in the previous 
propositions, give rise to an F-linear map r„ : Derz{F) H omz{'^n{F) , l3n{F)) for all n ^ 2. 

5.2. Explicit derivation of functional equations. As a consequence of the previous set- 
ting we get 

Corollary 5.6. Each element in ker5„ induces (many) elements in kerc?„. 

The crucial main consequence is the following result. 

Corollary 5.7. Let K be an arbitrary field and set F = K{ti, . . . , tr), with (ti, . . . , tj.) a tran- 
scendence basis over K. Let D G Derz{F). Then any functional equation of the n-logarithm 
over K induces, via the derivation map Tn,D, a functional equation of the infinitesimal n- 
logarithm over K . 



Proof. It is a direct consequence of the definition |3JJ and of the construction of Tn^o- D 

Remark 5.8. Notice that, in the above corollary, Deri{F) ^ since DerxiF) ^ 0, at least 
if r ^ 1. In practice it could be interesting to have a differential basis, and thus we can assume 
that if K is of characteristic p then (ti, . . . , t^) is a p-basis over K . 

It is a priori not clear that the procedure gives non-trivial equations, but the following 
examples show that it is actually the case: 
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Example 5.9. The first example is taken from ||8| and it retrieves the 4-term relation from 
the 5-term relation ( ^.3| ) by applying the above procedure with 

assuming that F = K{a, b) with a, b indeterminates over the field K, and that ^ and ^ are 
the usual partial derivatives. 



The following proposition gives a partial answer to Cathelineau's question concerning the 
relationship of his 22-term equation for dV^ and Goncharov's equation ( |3.7|) for 2)3 (with 
the same number of terms). It is a consequence of the previous results but can also be verified 
directly. 

Proposition 5.10. 1. The infinitesimal functional equation below, which is derived from 
the Goncharov functional equation for the trilogarithm is zero in I3^{F) . 
2. If F ZD Q, the Goncharov equation is expressible in terms of an F-linear combination of 
J{a, b, c) . 

We give an example of such a derived version in the case F = K{a, b, c) with a, b, c indeter- 
minates over the field K, applying the above procedure with 



to the equation stated in (p.7p. Let us set 



99(0,6, c) 



+ 



{b-l){a-l) 
ab-1 
(c% + cb^ - 3c6 + 1 



b{a - 1) 



cb-1 
'a + b-2) 



6-1 
a- 1 
abc — 1 



+ 



a(6- 1) 



a- 1 

{abc — a — b — c + 2) 



cb-l 



cb{a - 1) 



ab] 



{a%c - 2abc + 6 + c - l)(a - 1) 



a6- 1 

Then, modulo the inversion formula, 



ip{a, 6, c) + (p{b, c, a) + (p{c, a, 6) 



(ac- l)(a6- 1) 

(a + 6 + c - 3) 



abc — 1 
a(c - 1)(6 - 1) 
(o- l)(a6c- 1) 



[abc] 



abc — 1 

is the differential of the Goncharov equation and vanishes in P^iF) by virtue of Corollary |5 



Observation 5.11. We should notice that we have not yet proved that the infinitesimal 
Goncharov equation also holds in characteristic p and to know that this equation is expressible 
in terms of an F-linear combination of J(a, 6, c) is not enough to ensure this (unless we know 
that this linear combination is independant of F). It will be seen in the next section that it 
is the case, at least if we see £2 as a function from Z/p to Z/p. 

6. Reduction of functional equations mod p via the p-adic realm 

In this section, we want to prove the following statements (which are made more precise 
below): 
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O Each functional equation for the classical n-logarithm T)n induces a functional equation 
for certain p-adic n-logarithm functions (those which satisfy Wojtkowiak's p-adic version 
of Zagier's criterion). 

@ Each functional equation for the classical n-logarithm induces a functional equation for 
the infinitesimal n-logarithm (via the derivation procedure given in the previous section). 
A similar statement holds for the p-adic case. 



© Each functional equation for the infinitesimal n-logarithm dVn induces a functional equa- 
tion for the corresponding p-adic infinitesimal n-logarithm denoted DFn (see Definition 

U). 

O Each "good Qp-specialization", as defined in ( |6.1Q ) below, of a functional equation for 
the p-adic infinitesimal polylogarithm induces a functional equation (in the weak sense) 
for the finite (n — l)-logarithm. 

Combining the four statements, we arrive at the somewhat more surprising statement: 

Surprise: Each functional equation for the classical n-logarithm induces a functional equation 
for the finite (n — 1) -logarithm. 

Throughout this section, we denote by Lin{z) Coleman's p-adic n-logarithm |10|. Let 
us first look for the p-adic combinations which should play the same role as the modified 
polylogarithms D^. 

Remark 6.1. The inversion relation (in its clean form Pn{z) = (— l)"~^P„(l/z)) for a com- 
bination Pn{z) = Yyk=o^klog^{z)Lin^k{z) is equivalent to the following condition on the 
coefficients: 

(6-1) Er^ = 



(cf. IQ, Lemma 4.2). Since the inversion relation is in the kernel of dn, we can restrict our 
investigations to combinations Pn(z) satisfying those conditions. 

While one needs to work harder in the "classical" case to find functions which satisfy cleanly 
their functional equations, it turns out that in the p-adic case the above condition is already 
good enough, and we can state the above claim § more precisely as 

Proposition 6.2. (Wojtkowiak, Q, Proposition 4.4) 

Let ^ G ker 6n^Qp(ti,...,tr)- Then each admissible Cp- specialization of is mapped to a constant 
by the p-adic functions 

(6.2) Pn{z) = ^ afc log'' {z)Lin-k{z) , 

k=0 

if the coefficients satisfy condition (|6.lD . 
This motivates the following definition: 



Definition 6.3. A linear combination of p-adic polylogarithms of the form j p^ ) whose coef- 
ficients satisfy (|6.1|) is called a clean p-adic polylogarithm. 
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Remark 6.4. 1. For n = 2, there is, up to a multiplicative constant, only one clean p-adic 
2-logarithm P2 satisfying ([O]). 
2. The original statement was actually somewhat stronger: Qp(ti, . . . ,tr) was replaced by 
Cp(t), where Cp denotes a completion of an algebraic closure of Qp. 

The claim in ^ follows immediately from the "derivation map" in 

Before we show a more precise version of^by imitating Proposition 7 of [||, we state our 
intermediate goal: We are looking for a morphism F[F] — > Fq, where F = Cp{z) and Fq = Cp. 
More precisely, we want to have a family of morphisms {DPn)n^2 on /?„(Cp) expressed in 
terms of the differential operator D = z{l — z)-^ and some clean p-adic polylogarithms Pn- 
There are many candidates: 

Proposition 6.5. Let {Pn)n^2 be a family of clean p-adic polylogarithms such that for n ^ 3 

(6.3) DPniz) = A„ (1 - z)Pn-l{z) + ^„ log(z) DPn-l{z) , 

for some Xn, fJ-n £ . 

Then, for any n, DPn defines a morphism on /3„(Cp). 

Proof. Pn is defined on ^^(Cp) by assumption. For n = 2, we have seen that the function is 
essentially unique: 

P2{z) = -2Li2{z) +log{z)Lii{z) , 
and the resulting infinitesimal dilogarithm 

DP2{z) = {l-z) log(l -z) + z log(z) 

vanishes on r2(Cp) (due to Proposition 2.8, it is enough to check that it vanishes on the four 
term relation, which is straightforward). 

Now suppose the claim is true for n — 1. The maps DPn-i ^ log : /?n-i(Cp) ® Cp Cp, 
x{y)n-i <^ z xDPn-i{y)log{z) resp. (g) Id : 'Bn-i(Cp) Cp ^ Cp, {y}n-i <^ z t-^ 

zPn-i{y), are well-defined by the inductive assumption resp. by assumption {Pn-i is clean). 
Furthermore, an element ^ G '^n(Cp) lies in the kernel of each of the "components" of dn, say 
d'n : Cp[Cp] /3„-i(Cp) (g) C^ and d'^ : Cp[Cp] 'B„_i(Cp) (g) Cp, and therefore 

fin DPn-l log + Xn Pn-1 ® /d) {OnO = (/^n ® log od'^ + Xn Pn-1 (E) M o 8'^^ = , 

which shows that the function defined by (^) can be linearly extended to a well-defined 
function on /3„(Cp). □ 

Definition 6.6. Besser's p-adic n-logarithm is defined as 

n-l 

(6.4) Fn{z) = ak,n log'' {z)Lin^k{z) 

k=0 

with 

ak,n = ^, [k - n) . 
We will call DFn the distinguished infinitesimal p-adic n-logarithm. 
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Proposition 6.7 (Existence). There exist families of clean p-adic poly logarithms satisfying 



(6.3) for some A„, /i„ € Cp . 

In particular, Besser's family ( |6.^ ) satisfies ( |6.3| ) {Xn, fJ-n) = (7^) ~7^); 3. 
There are many other possibilities. 

Proof. Again, the case n = 2 gives the unique choice for P2 (up to multipHcative constant). 
Inductively, starting from Pn-i and DPn~i, one can form an arbitrary linear combination 
of them using A„ and fin which gives a candidate for DPn, with coefficients bk^n, say; a 
subsequent "integration" (putting ao,n = —n and successively afc+i^„ = — n(6fc„ — afc„)/(/i; + 1), 
A; = 0, . . . , re — 2) provides a candidate Pn whose coefficients akn have to satisfy the further 
condition (|6.lD — this gives a linear restriction on the possible (A„,/x„) at each step. We thus 
obtain inductively an extra degree of freedom at each level. 
For example, normalizing Pn{z) such that ao — re, we obtain successively 

A3 - ^3 = 1 , A4 - /i4 = ^ , etc. 

2 - A3 

It remains to check that Besser's choice ( |6^ ) does satisfy 

(6.5) (re - 1) DFniz) = (1 - z) Fn-i{z) - log(z)DF„_i(z) 

which is straightforward. Also, the Ofc,n satisfy condition (|6.1|) since 

n-l , 

^ A:!(re-1:)!''" (re-1)! 



^ ('-Ir 1 
^ ^ ^ ^re-A;) = ^ ^(l_l)-i = 0. 

ft;! I 7/, — ft: J ! 

fc=0 



□ 



Remark 6.8. 1. Writing <^n(-z) = (re — l)\Fn{z) and noticing that (1 — z) = Z)log(z), 
we can reformulate (|6.5D more suggestively, using the ad-hoc convention D~{a(S> b) := 
D{a)b-aD{b), as 

Z)$„(z) =Z)-(log(z)0$„_i(z)) . 

2. We have just seen that, a priori, there are many choices for the Pn individually, but 
the condition that the morphisms at level re and re — 1 be linked via the condition 
pDPn{z) = (1 — z)Pn-i{z) — \og[z)DPn-i{z) for some p £ Cp provides us with a unique 
function, up to a multiplicative factor, the condition ( |6.1|) s till being true for P„. We 
have not found a "natural" justification for the condition ( |6.5D , though. A normalization 
condition for the above P„ is then ao,n + ai,n = — 1 which entails p = re — 1. The 
resulting family coincides with Besser's functions ( |6.4| ) — his choice of coefficients was 
forced by two rather natural requirements: first, a certain p-adic power series expansion 
becomes independent of the "direction" in which to expand; second, one retrieves the 
finite (re — l)-logarithm by reducing DF^ mod (or, more precisely, reducing p^~^DFn 
mod p) on elements in n (1 — Zp)^ C Cp (for an improved statement of this and of 
the following theorem cf. 1^). 

The Fn can be characterized by the following 

Theorem 6.9. (Besser, Theorem 1.1) 

Let X = {z £ Zip , \z\ = \1 — z\ = 1} . For p > n + 1, one has DFni'^p) C p^'^Xp, and for 
z G X: 

p^-^DFn{z) = £n-i{z) (modp). 
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The choice of coefficients (in Q) for is unique for a clean p-adic polylogarithm which 
satisfies the above property for all p > n + 1. 

In order to formulate the subsequent statements conveniently, we introduce the following 
notion: 

Definition 6.10. A good Qp-specialization for X]nj[rcj] € -^[i^], F C Qp{ti, . . . ,tr), is a 
family of numbers uj G Qp, j = 1, . . . ,r, such that the images of rii = . . . ,tr), Xi = 

Xi{ti, . . . ,tr) and 1 — Xi = 1 — Xi{ti, . . . ,tr) under the specialization map tj i-^ Uj, j = 1, . . . ,r, 
are in l^p . 

The virtue of a good Qp-specialization lies in the fact that we can reduce it modulo pXp. 
As we can notice, a good Qp-specialization is, in particular, an admissible Qp-specialization. 
Now, putting Proposition and Theorem O together, we can make |^ more precise: 



Corollary 6.11. Let n ^ 2, p > n + 1, and rj G \ev dn^Qp{tx,...,tr)- Then we have 

a) For each admissible Cp-specialization rj^P^^ for rj, DFn{rf'^'^'^) = 0. 

b) For each good Q^p- specialization rf^"^^ for rj, the reduction mod p gives 

£n^iiv'''n^O (modp). 



Proof. The infinitesimal polylogarithm DFn vanishes on rj by Proposition 6.5, and reducing 
mod p obviously conserves this vanishing property. Besser's result now says that the reduction 
of pi-"Z)F„(r?^P^^) is equal to £n_i(r/'^P^= (mod p)) . □ 

Going even one step further, we can state a more precise version of the above "surprise": 

Corollary 6.12. Let n ^ 2, p > n + 1, and ^ G kev 5n.Q{ti,...,tr)- Then we have 

a) For each admissible C- specialization resp. Cp-specialization ^^p'^'^ for ^, the quantities 
2)„(fP<==) resp. F„(fP^^) are constants. 

b) For each absolute derivation A G Derz{Q{ti, . . . ,tr)), S, induces G kei dn^Q(t^,...,tr)> 
and therefore, for each admissible C- specialization resp. Cp-specialization, 

d25n(CA) = 0, resp. DFn{U) = ^- 

c) For each good '^p- specialization ^^^^^ for the reduction mod p gives 

£n-i{Cl'"') = (mod p) . 

Proof. a) Follows from Zagier ||36| and Wojtkowiak |^], respectively, 
b) This follows via the "derivation map" (see 

;-spec\ 

□ 



c) ^=p^-^DFn{i^)^£n-^{er^ 



Alas, although being quite powerful, the above strategy does not give the full answer to our 
problem. 

Remark 6.13. 1. The virtues of the procedure described above lie in its generality: we 
do not need to (find and) prove functional equations for (p-adic) infinitesimal or finite 
polylogs, since they "drop out" using the machinery. 

2. The drawbacks of the machinery lie in its lack of control: 

(a) We do not get the functional equations as polynomial identities but only "on points", 
i.e. in the form of (good) specializations. 
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(b) A more mundane reason for proving functional equations for £n in the strong sense 
is the fact that all the ones which have occurred in our investigations are not only 
true for Fp but actually hold more generally for any field of characteristic p. 

(c) (a minor point, given the range in which we mostly work) We need to assume that 
p > n + 1. 

This restriction is not (always) necessary for the polynomial identities to hold: there 
are examples of equations for £3 which are still true in characteristic 3. 

In summary, there are still plenty of reasons which leave us with the task of finding proofs of 
functional equations for the finite polylogarithms. The final section will therefore be dedicated 
to this issue. 

Part III. The Main Proofs 

7. Proofs of functional equations over fields of characteristic p. 
7.1. Straightforward demonstrations. 
Proof, (of Proposition |4.7| ) 



1. The inversion relation can be checked via a straightforward algebraic manipulation. 

2. In order to prove the distribution relation, let us fix a primitive mth root of unity C, ■ 
Dividing both sides by mP' and developing the fraction into a (finite) series leaves us to 
prove: 

k=i ^ ' c™=i ^=1 



p-i 

m 



11 

k=l ^"=1 

LV V ACT)" (CT)p+^ 
k=ic"^=i ^ 

1 ^"""^ / A 



k=l ^"=1 



"^^^t^iV {p + kY (2p + /c)" {{m-l)p + ky 

pm—l 

m 

r=l (^"^=1 

and this is true due to the character relations 

m, if m\r 



C™=i 



0, otherwise. 



3. (Proof of the special values) i?n(l) = if (p — l)/n follows from the well-known fact 
that Ylk=o ^i^) ~ fo'^ ^'^y polynomial P € Ij/plj[x] of degree ^ p — 2 (here we apply 
it to the monomials x, . . . , x^"^), the statement for {p — l)\n being obvious. 
The assertion for i?2n(— 1) = is a direct consequence of the inversion relation. 
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To prove the last formula of Proposition ^ we only need to take m = 2n (the odd 
values correspond to the above identities). For this, one can use the special case a = 2, 
in pi (Proposition (5B), p. 108), p - 1 /2n: 



(7.1) (l-22«)S2„ = 2n22"-i ^ (modp) 



3 



and the fact that £i_2?i(— 1) is equal to the sum in (7.1): rewriting 

(p-l)/2 (p-l)/2 (p-l)/2 p-1 

£^n{-l) = £^n{-l)= E (2jf""'- E (2i-l)'"-' = 2 E (2jf"-'-E-?''"''' 

j=l j=l j=l j=l 

one sees that the first sum is equal to 2^" times the sum in (7J.), while the second one 
equals — i^i_2n(l) and therefore is zero (for < n < ^^) by the above special value. 

□ 

7.2. A recipe for proving functional equations. Let -R be a domain of characteristic p. 
In order to show that a polynomial Q{T) G R\T\ is zero, we divide it into three parts: 

Q(r) = Q(o) + Qi(r) + Q2(n, 

where Qi{T) involves only powers of T which are not divisible by p. Then we verify separately 
that Q2{TP) and the constant Q{0) vanish and that ■^Qi{T) is zero as well. We can iterate 
this procedure in an obvious way. 



Proof of Proposition [J^. 1. We will apply the recipe above. We have 

±£,{l-T) = -^£,{l-T), 

= ^£^{T) by(|3), 

and as the degree of either polynomials is less than p — 1 , we conclude that £i{T) = 
£i(l — T) + c where c is a constant. 

This, in turn, implies that 2c = (specialize T = and T = 1, respectively), and 
therefore we get as a by-product i^i(l) = i^i(O) = (in characteristic ^ 2). 

2. The following proof is a slight variation of the recipe, in that it uses two iterated deriva- 
tives. 

Denote by dx and dy the derivatives to respect to x and y . We can check, using the 
differential equation for £i and the rational expression (..) for £q , that 

[I — y — X + s)"^ 
which is an expression that is symmetric in x and y . Thus 

dydx{H{x, y, s) - H{y, x, s)) = 0. 
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But the maximum degree for each indeterminate in the polynomial H{x, y, s) is never 
greater than p — 1 , and as a consequence the above identity implies that 

H{x,y,s) - H{y,x,s) = Ro{s) + Ri{s)x + R2is)y, 

where Rq, -R2 £ ^[s] ■ But setting x = y implies both Rq = and Ri + R2 = 0, and 
the construction of -Ri and R2 shows directly that they are both zero (the coefficients 

of x and y in H{x,y,s) are both equal to Yl^=o{~^)'') ■ 

□ 



Proof of Proposition 1- Set 

E{T) = £2(1 - T) - £2{T) + TP £2(1 - 

We want to prove that is in F[r] . Computing -^E we get 

d \ 1 7^P-i 1 

—E{T) = -T)- -£i{T) + - 

But by Proposition |J, £i(l - T) = £i{T) and £i(l - 7) = £1(7) - Moreover by the 
inversion formula (see Proposition \i.7\ ) we have £i(y) = — ^£i(r) . Hence, 

—E(T) = —£i(T) - -£i(T) - ^-—£^(T), 

dT ^ ' l-T ^ ' J, y\ ) (T-l)T ^ ' 

= 0. 

As ^(0) = and deg{E) ^ p , we know that E{T) = cPP and therefore TPE{^) = c, 
but using the inversion relation one sees that T'pE{^) = E{T), which implies c = 0. 

□ 

Remark 7.1. A different way to prove that c = 0: For this we look directly at E{T) and 
try to compute this coefficient which can only appear in the expression 

4 = 1 



But, for each i , the coefficient of is ^ , and thus c = £2(1) = . 



Proof of Theorem [j-lSj - The strategy of proof could be summarized as follows: 



(i) Prove that dc£2{J{cL, b, c)) = in F[a, b, c]. 

(ii) Prove that i^(J(a,6,0)) = in ¥[a,b]. 

(iii) Prove that the coefficient of in £2{J{a,b, c)) is 0. 

For the proof of this functional equation we will need several preliminary formulas. First we 
will use these two relations, in F[x,y], coming from the 4-term equation for £1 

(7.2) (1 - yr£, = £i{x) + (1 - x)^'^! - £i{y), 

(7.3) £,{y) - £i{x) = (1 - x)^^! {]^) + ^"£1 (f ) ■ 
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We use implicitly the following formal derivation rules, where t is an indeterminate and A a 
constant independent of t: 



dt 

dt 



'^£2(A(l-t)) = -^i:i(A(l-t)), 



4^2 1 A(l- 



We also point out that the following simple formula will be often used: 



1 1 
- + 



t 1-t t{l-t) 

For the convenience of the reader we will give detailled computations in order to make check- 
ing almost straightforward. 

Let's first split £2{J{a^ b, c)) into six pieces to facilitate the identification of the cancellation 
in the forthcoming computations: 

Ai = dP£2{a) - (f£2{h) + {a-h+ If £2(0) 

+ (1 - cY£2{l -a) -{I- cf £2(1 -h) + {h- a)f £2(1 - c), 



A2 = -aF£2 (^) + ^£2 (^) + (?oF£2 ( - 



(1 - af£2 ( ^1 + (1 - hf£2 (\-^ + ^^(1 - af£2 ^ ^ ^ 



1 — a J \1 — b J \1 — a J ' 

As = c^(l - ay £2 ( - c^il - bf£. - 



c(l-a)y ' ' \c{l-b)J' 



A, = -if£2 c^)-ii-br£2^'^'-''^ 



\b J ' ' "\ \-b 

A , i\r, n Al~c)aA ,„ ^ /(l-c)(l-a) 

A^ = -{a-bf£2\- j-\-{b-af£2^ 



a — b J \ h — a 

+ _ by£, I (IZ^) + ^(6 _ ay £2 ^ ' ' 



c{a — b) J \ c{b — a 

Ae = il- cyaF£2 ( + (1 - (1 - ay £2 



Setd=^. 



First step: prove that ^dAi = 0. 
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It is immediate that dA^ = 0. Using the rules described above, we get the following equalities: 

1 (a - h)P 

dA, = -£i{c)+^-—^£,{c), 
c c(l — c) 

„ /c\ bP ^ (c 
dA2 = £i - +—£i 7 



c \a/ c 



1 — c \1 — ay 1 — c \1 — 6y' 



c(l-c) \c{l-a)) c(l-c) Vc(l-^) 
c Vo/ c \1 — 6 



1 — c \ a — h J 1 — c \ 6 — a 

cP(a-6)P^ /(l-c)6\ cP(6-a)P^ /(l-c)(l-6) 
~/ TT r; 



c(l — c) \c{a — b) J c(l — c) \ c(6 — a) 

Then, applying consecutively ( |7.2| ) to ^^45, with x = l — c, y = ^, with x = l — ^,y = ^, and 
with X = 1 — i, y = ^5^1 and to dA^ with x=l — i,y = i, and using ([7 .31) for simplification 
as well as the basic relations for £i, we get 

dAi + dA5 + dAs = — + ^ ' 



then 



1 -c 1 -c 

c(i-c)V Vcy "''Vc/y ' c(i-c)' 



d^l + dA^ + + = + + —. r £l - - i^l - 

1 — c 1 — c c(l — c) \ \c/ Vc 



It remains to transform dA2, but using ( [7.3D , we have e.g. 

(1 - 6f i^i ri^") = £i{c) - £i{b) - bP£i 



then 

1 — c 1 — c c[l — c) Vo/ c(l — c) Va 
Now by invoking the inversion formula we see that 

5 



dAi = 0. 



1=1 
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Second step: Prove that the relation is true for c = 0. 
Putting c = in X]i=i gives 



£2(1 - a) - £2(1 - 6) - (1 - ar£2 ( + (1 - bf£2 ^ ^ 



I (a - br£, 
a J ' \ 1 — a/ 

and applying the inversion formula for £2 we get 0. 



1 - a 
a 

a — b 



{b-a)P£^, 



1-6 
1 -a 
b — a 



Third step: Prove that the coefRcient of (? is 0. 

Notice first that if A is an expression independent of c, then the coefficient of in the sum 
Ef=i^ ^cP-'{l - cy is £2(-A). Using this fact, we can see that the coefficient of in the 
expression Yl^=i ^« given by 

£2{a)- £2{l-a) + il-a)P£2 



1-a 



£2ib) + £2{l-b)-il-b)P£2 



l-b 



+ aF£. 



aF£i 



a — b 



+ (a - b)P£2 



a — b 



+ (1 - ay£2 { ^) - (1 - £2 ( ^1 + 



ar£o 



l-b 



1 — a J ^ ' "VI — ay \ b — a 

But each of the previous lines are by using the 3-term functional equation of £2 (see Propo- 



sition [f .12| 1. ) and this completes the proof of the 22-term functional equation for £2- □ 



Remark 7.2. We want to stress some more structural properties in the rather computational 
parts of the previous proof — thereby also giving an indication that there should exist a common 
proof for both the finite and the infinitesimal case: 



(i) we first use the ("dlog-like") behaviour (cf. the comment after (Definition 4.4)) 



£m^i{^{l-c) 



to group the terms of ■^£2{J{a,b,c)) with a coefficient ^ (resp. together — these 

are exactly the terms with a factor c (resp. 1 — c). For instance, the terms with ^ are as 
follows: 



-£i (a-6+l)[c] 



— a 



- c(l - a) 

— c{a — b) 



c 
b 

l-c 
1 - a 



L 1-f 



CO 

~b 



(1-6) 



c(l - a) 



+ c(l -6) 
— c(6 — a) 



1-6 

1-c-i 



Ll 



l-g 
1-6 
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In order to verify that this expression vanishes, we rewrite it in a sHghtly more convenient 
fashion (in order to be able to apply the four term relation line by line), neglecting the 
factor i, we get: 

£i{ {a-b + l)[c] 





"C" 


- c(l - a) 


ri-c-i] 


a 








.a. 







+ b 
-b 



+ c(l-6) 



1 



-1 



(1-6) 



c(a — 6) 



1-6-1 
1 - 



1 



c 


— c(6 — a) 


1 - 








1 - 


l-a 
1-6 _ 


) 



Applying the 4-term equation (|3.18|) "linewise" to the 2nd, 3rd, 4th and 5th line above 

respectively, this latter expression is seen to 



with X = a, X 
reduce to 



and X 



l-a 



£A (a-6+l)[c] 



a[c] + c[a] + b[c] - c[b] 
b' 



a I -[c 

a 



[6]+ a 



+ (l-a) 



which vanishes, again in view of the four term equation (and because the coefficients for 
[c] add up to zero). The terms with can be treated in a completely analogous way. 

(ii) The constant term in c of the polynomial £2{J{a^ 6, c)), i.e. the polynomial £2iJ{a, 6, 0)), 
is zero — this corresponds in the infinitesimal case to the degenerate case where we also 
put c = but where we need to give sense to expressions like a[^] for a = 0, the consis- 
tant choice being that it should be zero. 

(iii) Instead of considering the coefficient of in the polynomial £2{J{a, 6, c)) we can equiv- 
alently check that the constant coefficient in £2{J{a, 6, \)) is zero. In the infinitesimal 

case we can perform the same check using c£2{J{a,b, ^)) (so we can use the analogy 
again) . 
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The l|-logarithm 

(appendix to "on POLY(ANA)lOGS I" by ph. ELBAZ- VINCENT AND H. GANGL) 

MAXIM KONTSEVICH 

This appendix to the paper of Elbaz-Vincent and Gangl is included for historical purpose. 



It reproduces the text of 1 22], initially written for the private booklet "Friedrich Hirzebruchs 
Em eri ti erung". 



Let p > 2 be a prime. Define a map from Z/pZ to itself by the formula 

^ ^ •37^ 

Hpix) = J^-^=2; + y + -- - + — Y (mod p) . 



k=i ^ 

This function appears in explicit formulas for abelian extensions of cyclotomic fields. It looks 
like a truncated version of log( j^). Of course, it could not be a logarithm because there is no 
nonzero homomorphism from (Z/pZ)^ ~ Z/(p — 1)Z to Z/pZ. I claim that Hp is analogous 
to another well-known function of a real variable. I will derive the analogy by writing several 
functional equations for Hp. These equations will be independent of p and I will suppress the 
index p from the notations. 
(A): H{l-x) = H{x). 

Proof, we can compute explicitly the coefficients of the polynomial H{1 — x). First of all, its 

zeroth coefficient is H{1) = 1 + ^ + . . . = 1 + 2 -\ \- {p - I) = = (mod p). For 

I between 1 and p — 1 the l-th coefficient of H{1 — x) is equal to 

.ik{k-i)...{k-i + i) i-iy — 



k=l 



^, (0-l)(0-2)...(0-/ + l) ^, ^. 

We use here the standard fact that 

p-1 

k=0 

for any polynomial P € Z/pZ[x] of degree at most p — 2. □ 
A simple generalization of the previous argument shows that 

(B): H{x + y)= H{y) + (1 - y) H{^) + y H{-^) for y / 0, 1 . 

Also there is a very elementary identity 



(C): xH{l) = -H{x)iorx^Q. 



ON POLY(ANA)LOGS I 
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Claim: there is only one (up to a scalar factor) nonzero continuous solution of equations 
(A), (B), (C) in maps from M to itself. It is 

Hoo{x) = -{x log |a;| + {1 - x) log |1 - x\) . 

Also the function Hp is the unique (up to scalar factor) solution in maps from Z/pZ to itself. 

Cohomological interpretation of functional equations. Let F be a field and suppose 
that H : F ^ F satisfies (A) and (B). The equation (C) will be irrelevant. We associate with 
H a homogeneous function (f> : F x F ^ F of degree 1: 



Equation (A) implies that (j){x,y) = (f){y,x). Equation (B) is equivalent to the identity 



Thus, is a 2-cocycle of the abelian group F (the additive group of the field) with coefficients 
in itself as a trivial module. Because this cocycle is invariant under the usual action of the 
multiplicative group F^ (acting both on the group and on the coefficients), we get a 2-cocycle 
of the group of afhne transformations of the line over F 



with coefficients in the non-trivial 1-dimensional representation given by the first coefficient. 
This 2-cocycle defines an extension of Aff(l, F) by F. The resulting group G can be identified 
as a set with F x F x F^ . 

Now we consider the case of F = M and assume that H is a measurable map. There are 
no non-trivial measurable cohomology classes in i7^(M,M), hence (p should be a coboundary. 
This means that there exists a function V' : 1^ — 1^ such that 



The homogeneity of (p implies that for any A 7^ the function ip\{x) := ^^{Xx) — Xip{x) is 
additive in x. If we deal with measurable maps only then ipx is a linear function. From this 
one can easily deduce that 



for some a, 6 G M. Thus we get the solution of functional equations for F = M. 

Now we turn to the case F = Z/pIj. If the cohomology class in H'^{F,F) ~ Z/pZ corre- 
sponding to H is zero then by arguments parallel to the previous one obtains a homomorphism 
from (Z/pZ)^ to Z/pZ. This homomorphism (a "logarithm") vanishes inevitably, thus giving 
the uniqueness of up to a scalar factor. 

The group G in the case of F = M is a 3-dimensional solvable Lie group. The Lie algebra 
of G is defined over Z and it has a base x,y,z in which the commutation relations are 




y) - 4>{x, y + z) + (l){x + y, z 



)-(l>{y,z)=0. 



Aff(l,F) = {t^at + b\aeK''.heK} 



(/>(x, y) = ^(x) + ^{y) - V^(.T + y) . 



ip{x)/x = a log |x| -|- b 



[x,y]=y, [x,z]=y + z, [y,z]=0. 



This Lie algebra cannot be the Lie algebra of any algebraic group over Z or over Q. Never- 
theless, we have defined groups of points over M and over Z/pZ for all odd primes p. 
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Entropy. The function H is the entropy of a random variable taking two values. More 
generally, if ^ takes a finite number of values with probabilities pi,. . . ,Pk, = 1 then the 
entropy of ^ is defined as 

k 
i=l 

We will consider the entropy also as a function of the collection of probabilities of elementary 
events, -ff(^) = H(p^). The main property of entropy is that if one random variable (say, ^) is a 
function of another random variable (say, 77) then the entropy of 77 can be computed as follows. 
Let us denote probabilities of all possible values of 77 by pi,i,pi,2) • • • ,Pi,h'-,P2,i-, ■■■■■■ ■Pk,ik iii 
such a way that pi^i +pi,2 + • • • + Pi,ii = Pi etc. Then we have k conditional distributions of 
probabilities Pi^*/pi for each i < k. The main identity of entropies is 

k 

H{p.,,) = Hip,) + ^piHi^) , Hirj) = H{() + H^irj) . 
i=i 

The last term in the formula above is the average value of the entropies of rj with given values 
of ^ and it is called the relative entropy. 

Using the main identity one can reduce by induction the calculation of the entropy of any 
random variable to the case of a two- valued variable, i.e. our function H{x). One can check 
easily that the entropy of random variables computed using H{x) is well-defined iff functional 
equations (A) and (B) are satisfied. 

Conclusion: If we have a random variable ^ which takes finitely many values with all 
probabilities in Q then we can define not only the transcendental number H{^) but also its 
"residues modulo p'' for almost all primes p ! 

I propose calling the functions Hp "l^-logarithms," because their functional equation con- 
tains 4 terms, which is between 3 (the logarithm) and 5 (the dilogarithm giving an element in 
H^iSl{2,C)-M)- 

The natural question is to find functional equations for the map x i—^ ^^=1^^/^^ from 
Z/pZ to itself. I don't know how to do it. 
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